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The one-dimensional electrohydrodynamic flow is considered in a retarding
electric field when, owing to the inertia of charged particles, it is necessary
to use the complete equation of moimenta for the charged component, It is
shown that in spite of the negligibly small relative volume occupies by particl-
es in the initial cross section of the stream, there is a section in which particl-
es move at low but finite velocity with a finite relative volume of the charged
component, when the particles are retarded by an external homogeneous elec-
tric field (without taking into account the induced field), Interaction of the
charged and neutral components, which may be absent in the initial cross sec-
tion, is always substantial, The pressure drop required for such flow is deter-
mined, The flow is investigated with allowance for induced electric fields
that diminish the effect of concentration increase of charged particles.

1. We consider the one~-dimensional motion of a two-phase medium of which the
carrier phase is a neutral incompressible fluid (gas) of density 0  and true density
p° = const flowing at velocity u, and the dispersed phase of density p, con-
sisting of particles of radius a, of density p,° = const and electric charge (),
flowing at velocity u,., The number of particles in a unit of volume is 7, At
the cross section x == 0 the gas velocity is w = U = const, and the dispersed
phase density and velocity are, respectively, g0 and  ug . This means that the
gasdynamic circuit contains means for maintaining constant the velocity of gas at
various intensities of phase interaction and that a source of charged particles which
ensures the specified characteristics pyo and U, existence at the cross section
z = 0. A longitudinal electric field £ which is the sum of the external £,
and the induced E; electric fields is generated between the emitter at =z = 0 and
the collector of charged particles at Z = L downstream. The boundary condition
for FE is specified by FE, at z = 0. For low induced field throughout the inter-
electrode space the condition # =: K, is specified, Below we consider flows in
which the dispersed phase is subjected to retardation by the electric field.
The system of equations that define the one~dimensional flow of a two-phase
medium is of the form [1, 2}

psusits’ = —ap’ kP (w—u,) - pHE (L 1)
puu, - - (1 —'a) p, _“psklp (u - us) (1. 2)
Pslls = Psollso, PU == Pollg (1.3)
o o= po (1 —-—Cl), Ps = psoa (1.4)
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E' = 4nup, (1.5)
u’s(O) = Usp, A (O) = O, U (0) == Ug, E (O) = E‘O (1' 6)
o == 3;-— nadn,, k= —2592%—0 ) = %, m == % nadp,’ (1.7

where p is the dynamic viscosity coefficient of the carrier phase, o is the volume
concentration of the dispersed phase, m is the mass of charged particle and the prime
denotes differentiation with respect to variable . Equations(l,1)and(1.2) are
the equations of momenta of the dispersed and carier phases, respectively, (1, 3) are
the equations of continuity, Egs, (1,4) establish the relation between the phase densit-
ies of media, Eq, (1.5) defines the induced electric field, and the relations (1,6)
provide the initial conditions, Parameter 7 is generally a function of the Reynolds
number determined by the difference of velocities | u — us| and concentration o.
The presence of function 1 (&) is due to that in a fairly large concentration of
particles their hydrodynamic drag differs from that of a single particle in an unbound-
ed stream, The case of P = 1 corresponds to the Stokes law of drag of an isolat-
ed particle,

The term  p,  which is related to the presence of the proper particle pressure p,
produced by particle collisons in the case of their considerable concentration is omit~
ted in equation (1.1), Assuming, by analogy with the kinetic theory of gases, p; =

nKT,, where K is the Boltzmann constant and 7, the "kinetic® temperature of
particles, for the relative magnitude of the term  p, we obtain the estimate

Py n,T, 3 T, 1 T, {0~

P
TTap TONT T W T Nt T T & <1

ap’

(1.8)

where the relation p = N KT with N, denoting the number of microparticles
(molecules, atoms, ions) in a unit of volume, Estimate (1,8) was obtained for N =
10 cm™3 and @ = 10 pm and shows that in a wide range of T, the proper
pressure can be neglected,

It should be noted that the induced electric field determined with the use of Eq.
(1,5) owing to finite dimensions of particles, generally differs from the true electric
field which must be calculated on the basis of solution of the electrostatic problem for
a system consisting of many electrically charged bodies of finite dimensions, Certain
methods of solving that problem appeared in [3], To substantiate Eq. (1.5) we evalu-
ate the ratio B of force Q% / D?® exercised on a particular particle by the particle
nearest to it (D is the distance between the centers of particles) to the force QF,
in which E = FE« + E;. We have

Bo=pg- =3 5 gz+ Q~3E .9
B; = Q___ Q A D ng~ D3

DB, ~ “&nnDPLQ T 4n L’

The formula for the evaluation of the limit charge @ of a particle of radius «a
imparted to the particle by the *charging” field E® [4] and, also, the approximate
formula that links particle concentration Ny with distance D, are used in the
above formulas, The parameter L is the characteristic dimension of the region in
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which charges are concentrated. The wide range of conditions under which the neces-
sary condition B = max {B«, B;}<< 1 is satisfied, is readily seen,

Let the flow at cross section z = O be defined by the following conditions
(obtainable in actual applications) : ng = 10° cm™2, E, = 10 kw/cm, U =
103 cm/s, usp =~ U; a = 1073 cm, p° = 5 gmcm™3, p° = 10-3 gm cm ~?

1

p=2-10™ gm/cms, L = 5 cm . In this case the basic dirensionless paramet-
ers of the problem have the following values:
2p Ua?
@ 4.2:1078, T 2T 44 (1.10)
IuL
S foo @ P 5.0
s j - gy {JO ’
o B 1 . =
M—Zbe Dl g8 N=Li 3WEL_g9

FU T 2l T E, Eoa

Parameters T and M are ratios of the inertial terms and of electrical force, res-
pectively, to force F of interaction between phases in the momentum equation (1, 1)
for the dispersed phase, parameter S is the ratio of force F to the remaining terms
of Eq, (1.2) for the carrier phase, and parameter /V defines the relative intensity of
the induced electric field, The relation between charge ¢ and field E° used in
estimates (1, 10) is the same as in (1,9), It follows from (1, 10) that the volume con-
centration of the charged phase and its effect on the motion of the neutral phase may,
at least in the initial stage of motion, be neglected without appreciably affecting ac-
curacy (ap <€ 1, S <€ 1). Inthe first approximation the induced electric field
E; isunimportant (N <C1). However the flow determined in such approximation
in the presence of the external retarding field E« results, as shown below, in errone-
ous results, This is associated with some particular features of flow in regions where
the dispersed phase velocity is low. Hence it is necessary to take into account in
such regions the finite volume concentration of particles in spite of its negligibly small
magnitude at cross section z = 0.

Below we consider various models of flow (in ascending order of complexity ) that
can be used for defining flows on the basis of estimates (1, 10), The results of their
application are compared with data obtained by "exact" calculation based on the
solution of the complete system of Eqgs. (1,1) — (1, 6). The structure of regions with
abrupt change of parameters of the two-phase stream is investigated.

2 Model a=0,p0,/p<< 1, N = 0. In this case the presence of
charged particles does not affect the motion of gas whose velocity is uniform through-
out the flow region (z == U). The volume of charged particles is negligibly small,
and the flow takes place in the specified external electric field FEo == E, which
we assume constant and directed against the stream (E, <C0).  From (1.1) —

(1. 6) we obtain the equation

Lhus, = ]ﬂp (U - us) + KEO’ Us (0) = Usgp (<. 1)
whose solution for 1 = 1 and condition (—xE,/ (kU) — 1) > 0 (when the

retarding effect of the electric field on particles exceeds that of "dragging” by the
neutral medium) is of the form
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Formula (2, 2) shows that the velocity of particles becomes zero when & = Eo*
= 1 [nln (m/ (ws + M)) + w,l, and the solution cannot be continued into region
E> B

When using this model it is necessary either to locate the runoff of charged partic-
les at cross section z = x,™ or to investigate the possibility of reversal of the
motion of particles after their stopping at z = Z,". In the latter case the velocity

Us = Uy of particles moving in the reverse direction is also determined by the solu-
tion of Eq. (2.1) with the boundary condition v, (z,%) = 0. The "reverse"particles
trajectory is not the same as defined in (2,2), and the velocity v, at cross section

z = 0 is lower than the initial velocity wu,,. The densities p, and R ofthe
direct and reverse streams of charged particles are determined by the conditions

Pshs = Poolegs BsVs = — Pggllsg o« As  x—> x,7 the densities p; and R,
increase as  {zy,* — a)/e.  The distribution of ps; and R, can be used for cal-
culating (as the next following approximation) the induced electric field, The latter
proves to be continuous when passing through the cross section £ = Z,* at which
no surface charge is generated, since

xgt
lim { (o4 Rydz =0
=0 yytmp

The derived solution which for the proposed model is "exact", from the point of
view of the general formulation of the problem proves to be incorrect, This is due
to the assumption that the volume concentration is zero up tothe cross section z =

Z,*, while in the close proximity of that section, where according to (1, 3) the
phase density of particles becomes considerable and their volume concentration assum-
es finite values, The abrupt increase of o when the two-phase medium approaches
cross section z = x," is accompanied by velocity increase of the carrier phase
owing to the decrease of the effective cross section of flow (the stream " contraction”
effect), Moreover it is necessary to take into account in the right-hand side of the
equation of momenta for the charged phase with finite «, the term —aop’ which
represents the additional force directed along the =z -axis. These effects (friction
force increase owing to the increase of velocity i@ of the carrier medium and the
appearance of force —ap’) substantially alter the pattern of motion, The possibili-
ty of particles passing through cross section = zo,* emerges, Hence the investiga-
tion of the flow pattem near Z == Z,* must use a model which takes into account
the finite particle concentration o.

3, Model wa== 0, N = 0. Under these conditions the parameters of
both components undergo changes, and the flow is defined by the system of Egs. (1. 1)
—(1.4), and (1.6)in which FE = K, = const.

In the approximation considered here the effect of the electric field on particles
is similar, for instance, to that of gravity, Since the quantity « attains finite valu-
es, it is necessary to take into account the dependence 1 = % (@). The specifica-
tion of function 1 (&) defines a " mediated" interaction of particles through the
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carrier medium, Below, we use for function ¢ the following expressions;

10 p=1, 220 p=1—a)™ 3 p=(01—al/a,)", n>0 (3.1

In version 1° the mediated interaction of particles is not taken into account and
moving particles are subjected to the Stokes law, Version 2° is borrowed from the
fluidized bed theory [1],

Version 3° is a modification of 2°, with @, representing the maximum volume
concentration of particles under conditions of tight packing, The system of Egs, (1. 1)
—{1.4) reduces to the single first order differential equation

wy = R W), w() =w, &==z/L (3.2)
Rw) = 2= o 4) (0 — O 4 g (48— g — w))
(o — 8 +

u U Pgo %l n
w:':———[j, Wy = ;,7 Up = ==, Yl“—(/{U '%‘1)

>
‘

b= wotg Lty v =z (I —w)?d<t

gl
o]
Ps

where parameter T is defined by formulas (1.10), We consider the situation when in
accordance with (1, 10) the volume concentration @, of the dispersed phase at the
initial cross section is small and the particles motion is retarded by the electric field
Ey<0, >0

It follows from (3, 2) that R (w;) <C 0 and the velocity of charged particles
along the & -axis continuously diminishes until the value w = w*, where w*
is the nearest to w = w, positive root of equation R (w) = 0, is reached.
If then function £ (w) in the neighborhood of point w = w™ is of the form

R (w) = const (w — w™)™, m >1, thevalue w" isreached at & — oo,

i,e. there is an "asymptotic" section of motion, The quantity w™* must be close to
zero, since if it were w* = O (1), we would have «' = 8/ w* = o (1) and
the flow throughout the region would be defined approximately by o == 0 forwhich
function R (w) vanishes when w < 0.

We assume 7t to be an integer and seek the root w™ in the form of series wt =
A8 -~ . ... For the determination of A we obtain the algebraic equation

132 1t y__ 1 3.3
O A G e e -

whose solution for cases 1° and 2° (@, == 1) is of the form

(1 -+ / (n+2) (3.4)
A O

The properties of flow along the asymptotic section (denoted by the superscript +)
are defined by formulas

W= 2+ 0@©), w =43+ 0@,

s _ W 3.5
oo @)
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The asymptotic solution is characterized by the finite volume concentration o<

of particles, high relative phase density (of order §7'), the carrier phase velocity

ut > U (since A >1), density p*<Cp, , and considerable pressure grad-
ient necessary for obtaining the considered flow,

With strong electric fields the quantity «F approaches unity, as implied by (3, 5),
but in reality it cannot exceed the quantity o, =n /6, i.e. the concentration of
closely packed particles. The possibility of occurrence of a solution with @ > ap
is due to the imperfection of the "mediated" interaction law in 2°, That imperfection
is eliminated in the law 3°, The dependence of the quantity (do,)~! on 1 + n for vari-
ous 7, determined by the solution of Eq. (3.3), is shown in Fig.1, Since the quant-
ity 4 is greater than 1/ a, forall n, hence ot < a,.

Thus in the first approximation the flow consists of two sections, Along the first
of these the variation of parameters is defined by formulas (2, 2); its length is close to

§0", and the particle velocity along it decreases virtually to zero, Along the
second asymptotic section the parameters of the two-phase stream are defined by form-
ulas (3.5). A narrow transition zone of length of order of § lies between these sect-
ions, Becuase of this, that zone can be replaced by a discontinuity surface along which
parameters o, u, p abruptly changefrom a =0, u=1U, p=9p, to
a*, u*; p*, and the velocity w is close to zero,

Figure 2 shows the variation of velocities v and wg=u/U of the dispersed
and carrier phase and of volume concentrations o along the stream, obtained by
integrating the system of Egs, (1,1) — (1,4) for

t=1, wy=1,0,=0 =310,y =3.10"", = 2
with the drag law 3° (n= 3). The transition zone is shown there in larger scale for
the same parameter values,

The above analysis can be extended to the case when the extemal retarding electric
field is not uniform  — 7 = n (z). Let Y be a parameter of second (or higher)
order of smallness with respect to §. (This condition is satisfied in practice owing
to the inequality p°/p,° <€ 1 ). It is then possible to neglect the inertia term in
Eq. (3.2) for the region in which w ~ §, and determine w using the condition

R (w) == 0. The approximnte solution of the problem is derived in this case as
follows, First, we integrate Eq. (2,1) for E, = E () and determine the cross sec-
tion x,* in which velocity u, vanishes, Flow parameters in region z>x,* are
determined using formulas (3.5) in which A4 = A (z) is determined by the solution
of Eq. (3.3) for % == 71 (x). The cross secton at gz == z,* is the discontinuity
surface of parameters ¢, ¥ and p.

In many problems of gasdynamics of multiphase media with the condition ¢, <

1 satisfied the approximation & = 0 is used for describing the whole flow region
[6]c The derived above solution shows that in spite of (fulfilment of] condition
o << 1 the allowance for the volume concentration of particles may result in
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essentially different flow characteristics in the region of finite dimensions beyond the
cross section  x = 2,

4, Model =0,0/p1, N ~ 1. The two~phase flow is defin-
ed by the system of equations
usy” = kp (U — us) + B 4.1

Oslts = Poolses E' = 4mnp,
us(O) == Ugg, E (0) = EO < 0

whose integral curves (P = 1) are shown in Fig.3 in the plane E, u;.  The
arrows indicate the direction of increasing x.

It follows from Fig.3 that, as in the case considered in Sect, 2, a continuous solu-
tion of system (4. 1) exists only in region 0 <C x <{ x* where u, (z*) = 0. If

z* is smaller than the distance between electrodes, it is possible to derive the com-

plete solution within the terms of this model in the following three situations; 1)
presence of a "sink" of charged particles at cross section z* ; 2) formation of a
surface charge at cross section z* (with the electric field discontinuity) and further
motion of charged particles downstream; and 3) formation of a surface charge at cross
section z,* with absence of particle flow in the region & > x,* and presence
of "reverse” flow of charged particles in region {0, xz.%).

The first of these situations is triviai.

When investigating the passage of particles downstream with formation of surface
charge at cross section x==z% (situation 2) it is necessary to analyze the system
of Egs, (4.1) and a similar system for the region z_> z* under conditions

Ug (@t — 0) =0, u, (z*+0) = u,*, E(a*+0)=E"
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.

In the case of situation 3 the system of
equations that defines  the "direct® and
"reverse" motions of charged particles with
phase velocities u; and U; and densities

pe and R in the region 0 < z < z,%,
and the equations for the electric field in

N\

- the region 2 > z,* are of the form

Fig. 3

’ (4.2)
Uiy’ = k' (U — ug) + =E, psls = Psoliso
vsvsl = k¢ (U - Us) + xE, Rsvs = —Psolbso
E' = 4nu (p, + Ry)
Ug (0) = w59, Uy (Tt —0) =0, vs(zy" —0) =0
E Q) =E,
O<z<a,?)
>z, E =0, E(z,t+0) =E* (4.3)

When u,* and E7 insituation 2, and ET insituation 3 are known from
solutions of respective systems of equations, the phase velocities and densities of part-
icles, the electric field, and the positions of discontinuity cross sections Z* and z,*
are then determined,

It follows from considerations of the discontinuity surface evolution that the numb-
er of boundary conditions atthe discontinuity must be five, There are two discontinuit-
ies propagating at infinite velocity from the discontinuity of the "electrostatic” pertur-
bation, and two perturbations propagating downstream of the discontinuity, in which
the particle density and velocity change.

These conditions {(and u* and E™) are to be determined from conditions of
conservation at the discontinuity and the analysis of its structure, By using various
structural mechanisms it is possible to obtained different boundary conditions, One
of such mechanisms is considered in Sect.5 on the basis of an investigation of flow
with finite volume concentration of particles and the presence of induced electric fields,

5, Model &0, N ~ 1. The distribution of quantities w, wy = u/
U, a,e = «E | (kU) in the zone of low velocities W and abrupt change of the
remaining parameters is shown in Fig.4. They were obtained by integrating the system
of Egs. (1.1) —(1, 6) under conditions

Te=wy =1, ag = 3107, ¥ = 3-107%, B = py 4nlx?/ (kU) =
3, eo = KEO / (kU) == —4.5

and function Y conforming to formula (3.1) (n = 3).

There is a section (zone G) of finite length where the dispersed phase velocity is
low and the volume concentration o considerable, The size of zone G which is of
the order of , depends on the problem parameters, The finiteness of zone G is
related to the effect of electrostatic repulsion of charged particles, which in the
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Poisson equation for the induced electric field is taken into account,
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The considered flow is characterized by a thin layer of considerable concentration
of charged particles, The electric field increases abruptly in that zone. The presence
of induced electric field (when « = 0) displaces the cross section of minimal part-
icle velocity upstream, decreases the magnitude of that minimum, and further increase
of particle velocity beyond the indicated cross section.

Zone G may be considered as the structural zone of discontinuity which must be
introduced when solving the problem in the « =0 approximation. As shown by
calculations, this zone consists of two sections: region ®; of abrupt increase of o,
and w; the order of magnifude of whose length is that of &, and of region @,
of more smooth variation of parameters in which parameters o and w, decrease to
their "asymptotic” values o = 0 and wy = 1.

The investigations described in Sect, 3 had shown that in the zone of low particle
velocities (to which the zone ®, belongs) the motion of particles can be defined in
an "inertia-free” approximation, The particle velocity is then defined as follows:

— -, - (__ e)l/(n-b'z) ME
LD~A(5, AMA(E)——— (Ne)l/(n‘f'?)ui ) e:-ft—v—,- (5.1)
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where the formula for A is obtained for @, =1 and the law of resistance 2°, When
Qm <1, parameter A is determined by the solution of Eq. (3. 3).
The electric field distribution in the zone of ®, is defined by the equation (see
(1.5) and (3, 5))

de/ dE ~ 1/ (A8) (5.2)

The asymptotic exist from the zone of ®, takes place as de/ dE— 0 and,
consequently, A4 —> oo, As A ~> 0o, we have in accordance with (5,1) or
(38,3) —e—1 o E-—>» —Uk/=x , respectively. Note that this condition
coincides with the supplementary condition for field E at the discontinuity surface
in "classical" electro-gasdynamics, when the inertia of charged particles is neglected
[63.

Moreover, in conformity with the fisst of relations (5.1), velocity w in zone G
is a small quantity of order 8§, hence it is necessary toset w™ = 0, w* = 0
at the structural zone entry and exit when &8 -0,

Thus at the discontinuity surface which replaces zone G the relations

ug =ut =0, ¢ = o% pyus = ptu’ {5.3)
U+ BEt=0 (b=ulk)

are satisfied,

The third of conditions (5, 3) for the electric field potential ¢ = —E" s
implied by the continuity of the electric field tangential component, and the fourth
by the continuity of the dispersed phase mass stream,

Results of numerical integration of the system of Egs, (4.1) which define the flow
of medium in the o« =0 approximation in the presence of the discontinuity surface
of parameters (5,3) (situation 2 in Sect.4) are shown in Fig.5 by dotted lines,

The continuous lines correspond to the solution of the system of Egs. (1. 1) —(1, 6)
whose particulars in the structural zone are shown in Fig,4, The dash lines corres-
pond to the numerical integration of Egs, (4. 1) with the first four conditions of(5, 3)
and the use of the formal condition E*==m> — U/b = m*, As expected, the
discrepancy between the exact and the approximate solutions is minimal when m =
m*.

The authors thank G, G, Chernyi and G. A. Liubimov for valuable discussions,
REFERENCES

1, Borodulia, V. A, and Gupalo, Iu, P, Mathematical Models of Chem-~
ical Reactors with Fluidized Bed, Minsk, "Nauka i Tekhnika", 1976.

2, Vatazhin, A, B. and Grabovskii, V. L, The flow of a supersonic
electro~gasdynamic stream over a2 wedge with allowance for charged particle
inertia, Izv., Akad, Nauk SSSR, MZhG, No,1, 1979,

3, Golovin, A, M, and Chizhov, V. E., On the determination of sedimen~
tation rate of a homogeneous suspension, PMM, Vol.42, No,1, 1978,



1124 A, B, vatazghin and V., 1 Grabovskii

4, Vereshchagin, I, P.,Levitoy, V, L, Mirzabekian, G, 7,
and P ashin, M. M., Fundamentals of Electro-gasdynamics of Dispersed
Systerns, Moscow, "Energiia®, 1974,

5 Kraiko, A, N, and Sternin, L. E., Theory of flows of a two~velocity
continuous mediutn containing solid or liquid particles, PMM, Vol, 29, N¢, 3,

1965,
6, Gogosov, V. V. and Polianskii, V. A,, Electro-hydrodynamics;
Problems and Applications, Basic Equations, Discontinuous Solutions,

"Mekhanika Zhidkosti i Gaza" (Itogi Nauki i Tekhniki), 10, 1976,

Translated by J,J. D,




